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ON POWER SERIES WITH POSITIVE REAL PART IN THE UNIT 

CIRCLE.* 

By T. H. Gronwall. 

1. Introduction. Let (p{z) be a power series convergent for |2|< 1 
and such that 9?^(z) ^0 in the unit circle. Since the real part of a 
function holomorphic in the unit circle cannot have a minimum inside the 
circle without being a constant, it follows that 9i^(3) > for |3| < 1 
unless (p{z) is a purely imaginary constant. Disregarding this trivial 
case, it is seen that multiplying (p{z) by a positive constant, we may make 
'^(p{0) = \, and subtracting a purely imaginary constant, we may there- 
fore assume tpiz) to be of the form 

(1) V'(2) = ^ + f:a^'. 

The following question now arises: what conditions must the constants 
Oi, a^, ■ • •, On satisfy in order that there shall exist a <f>(z) of the form (1), 
convergent for \z\< 1, having the given constants as its first n coefficients, 
and such that ^<p{z) > for |2| < 1? It has been shown by Carathe- 
odory,t by methods belonging to Minkowski's theory of convex solids, 
that all Oi, 02, • • • , a„ with the required property are interior to or on the 
boundary of a certain convex solid Knt and may be uniquely represented 
in parametric form by 

(2) o, = Xie-"'' + X2e-~^* + • • • + Xne—"' (v = 1, 2, ■ • -, n) 

where the a's lie between and 2ir (incl.), the X's are positive or zero, and 

Xl + X2 + • • • + Xn < 1 

for points interior to Kn, but 

Xl + X2 + • • • + X„ = 1 
when the point a-i, a-i, • ■ • , a„ is on the boundary of Kn. In the latter 

* Read before the American Mathematical Society, September 7, 1921. 

t "ttber den Variabilitatsbereich der Koeffizienten von Potenzreihen, die gegebene Werte 
nicht annehmen," Math. Annalen, vol. 64 (1907), pp. 95-115, and" tJber den Variabilitatsbereich 
der Fourier'schen Konstanten von positiven harmonischen Funktionen," Rendiconti del Circolo 
Matematico di Palermo, vol. 32 (1911), pp. 193-217. 

X That is, writing o» = x» + ixn+r (i' = 1, 2, • • •, n), the points of rectangular coordinates 
Xl, • • • , Xtn form a convex solid in Euclidean 2ra-space. 
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case, <p(z) is iiniquely determined by the coefficients ai, 02, • • •, d„, and 
has the form 



(3) ^(z) =-X,^,^,--+-X,— 
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(where Xi ^ 0, X2 S 0, • • •, X„ ^ and Xi + X2 + • • • + X„ = 1). 

The convex sohd iC„ may also be defined by algebraic inequalities 
involving Oi, 02, • • •, dn and their conjugates di, 0,2, ■ ■ ■, a„, as was shown 
by Toeplitz* and Fischerf through the consideration of certain definite 
Hermitian forms. Writing Do = 1 and 



(4) Dm = Dm{di, di, ■■•, dm) = 



for m = 1, 2, • • -, n, the necessary and sufficient condition that Oi, 02, 
• • •, a„ shall be interior to K„ is 

(5) Do > 0, Di> 0, D2 > 0, • • •, D„ > 0, 

while for a point on the boundary of K„ it is necessary and sufficient 
that there shall exist a k, where 1 ^ k ^ n, such that 

(6) Z)o > 0, Dl > 0, • • •, D*-i > 0, Dk = Dk+i = • • • = Z>„ = 0. 

The preceding results were also obtained independently by F. Riesz.J 

It is the purpose of the present paper to prove all these results by the 
most elementary function theoretic means, the method of treatment 
resembling closely that of a preceding paper by the writer§ dealing with 
a similar problem first solved by Carath^odory and Fej^r. The central 
part of the argument consists in the combination of the process of com- 
plete induction with Schwarz' lemma, and thus furnishes a new and not 
uninteresting example of the fundamental importance of the latter in 
the theory of functions of a complex variable. 

2. The point set X„ and its correspondence with K„-.i. We begin by 
recalling some familiar definitions. A sequence of n complex numbers 
Oi, 02, • • •, o„ is called a point (all a's are assumed to be finite). The 

* "tJber die Fourier'sche Entwickelung positiver Funktionen," Rendiconti del Circolo 
Matematico di Palermo, vol. 32 (1911), pp. 191-192. 

t "Uber das Caratheodory'sche Problem, Potenzreihen mit positivem reellen Teil betreffend," 
ibid., pp. 240-256. 

}" Sur certains syst^mes singuliers d'6quations int^grales," Annales de TEcole Normale, 
ser. 3, vol. 28 (1911), pp. 3.3-62. 

§ "On the maximum modulus of an analytic function," these Annals, ser. 2, vol. 16 (1914), 
pp. 77-81. 
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neighborhood « of a point Ui, at, •••, a„ consists of all points Oi', a^, 

• • •, a„' such that 

\ai—ai\<€, \ai—ai\<€, ••-, |a„' — a„|<€. 

Consider any point set P. A boundary point of P is any point such 
that every neighborhood e of this point contains a point belonging to P 
and also a point not belonging to P; the boundary point itself may or 
may not belong to P. To every point not on the boundary of P there 
consequently exists an « such that the neighborhood e of this point con- 
sists either of points all belonging to P or of points none of which belongs 
to P. In the former case, the point is said to be interior to P, and in the 
latter case, exterior to P. It follows that an interior point belongs to P, 
while an exterior point does not. 

We now define Kn as the set of all points Oi, a^, • • •, a„ such that there 
exists a power series (p(z) = ^ + aiz + a-a"^ + . . . + o„0" + • • • con- 
vergent and with positive real part for |2;| < 1. Any such (piz) is said 
to be associated with the point Oi, ai, • • • , a„. 

Then Kn contains interior points, for assuming | Oi | < l/2n, 1 02 1 < l/2n> 

• • •, |a„] < l/2n, the point Oi, 02, •- -, a„ belongs to Kn, since the poly- 
nomial <p{z) = § + Oi2 + UiZ^ + • • • + a„2" has the required properties 
on accovmt of 3t(o,j?') ^ — \a^\ > — l/2n for |z| < 1 and j/ = 1, 2, • • •,n. 
Consequently, any point Oi, 02, • • •, a„ where |ai| < l/4n, I02I < l/4n, 

• • •, |a„| < l/4n has a neighborhood l/4n containing only points of Kn, 
which proves our statement. 

We shall now perform a sequence of transformations which will 
finally lead to a correspondence between Kn and Kn-i- First, consider 
a <p(z) associated with a point of Kn', then (p(z) + | does not vanish for 
\z\< 1, its real part being greater than §, and consequently 



(7) 

is holomorphic 

l-|/p = 
(8) 
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moreover, the identity 

<P — h '<P — 1 _ <p + '<f> 




<P + 1 ^ + i (.<p + 


i)(^ + 


i) 



29ty 
k + il^ 
shows that \f{z) | < 1 for [z] < 1 since dt<p{z) > 0. Conversely, (7) gives 

(9) ^{z)=^^-±M, 
and from (8) and (9) we obtain 

(10) 29?^ = 1^^, . 
21 
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From (9) and (10) it follows that, for any/(0) holomorphic and less than 
unity in absolute value for |2| < 1, (9) defines a (p{z) holomorphic and 
with positive real part for \z\< 1, and if /(O) = 0, so that f{z) = a^z 
+ • • • , then (p{z) = I + aiz + • • • • 

Now let j{z) = ai2 + • • • be any function vanishing at the origin, and 
holomorphic and less than unity in absolute value for \z\< 1. Writing 

(11) g{z) = \m = ai + • . • 

it follows from Schwarz' lemma that 

(12) |P(2)|^1 for \z\<l, 

and, if \g{z) \ = 1 for a value of z inside the unit circle, then g{z) is con- 
stant = fli, where |ai| = 1. Conversely, any function g{z) holomorphic 
and less than or equal to unity in absolute value for 1 2 1 < 1 defines an 
f(z) = zgiz) holomorphic for \z\< 1, and 1/(2) ] < 1 for \z\<l. Thus 
we always have 

(13) iail^l. 

It now follows that the point set Ki is defined by (13), so that its 
boundary points, given by |oi|= 1, belong to ifi, and that with any 
Oi = e~*' (0 S a < 2t) on the boundary of Ki there is associated one and 
only one (p{z), namely 

1 e"' + 2 



(14) v{z) = 



2e°' - 2 



In fact, consider any (p{z) = ^ + ai2 + • • • holomorphic and of positive 
real part for \z\< 1; then (7) and (11) define a g{z) = Oi + • • • satisfying 
(12), and making 2 = in (12), we obtain (13). Conversely, taking any 
ai such that |ai | ^ 1, and making g{z) = Oi, (12) is satisfied, and (11) and 
(9) give 

(15) <P(.Z) = Ki — 

zl — aiz 

as one of the functions satisfying all the conditions imposed on <p(z). 
Moreover, when [oil = 1, g(z) is xmiquely determined and equals Oi, so 
that (15) is the only ^-function possible, and writing Oi = e~*"', we ob- 
tain (14). 

Now assume loi| < 1, then it follows from what precedes that (12) 
takes the form 

(120 b(3)l<l for l2l<l. 
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Writing 

(16) 



1 - aig{z) 



(17) l-l/il^ = 


_ J _ gr - oi 
1 — aig 


shows that 




(18) 


l/l(3)l<l 



we have \aig{z) \ < 1 for \z\ < 1, so that/i(z) is holomorphic for lz| < 1, 
and/i(0) = 0; moreover, the identity 

9-ai_ ^ (l-|ai|^)(l -|gp) 
1 — Oig \1 — aig\^ 

for \z\< 1. 

Conversely, to any fi{z) holomorphic and less than unity in absolute 
value for |2| < 1, and vanishing at the origin, there corresponds a g(z) 
obtained from (16) 

1 + aiji{z) 

this g(z) is holomorphic for |z| < 1, g(0) = Oi, and \g{z) \ < 1 for \z\< 1, 
as is seen by interchanging g and /i and replacing ai by — oi in (17). 
Finally, we write 

21 — fi(z) (pi{z) + i 

it follows from what has been said above in regard to (p{z) and f{z) that 
when fi = biz+--- is holomorphic and less than unity in absolute 
value for \z\< 1, then (pi(z) = ^ + biZ + • • • is holomorphic and has 
its real part positive for \z\ < 1, and vice versa. 

We have thus proved that to every (p{z) = ^ + aiz + • • • + OnS" 
+ • • •, holomorphic and with positive real part for \z\< 1, and such that 
|ai| < 1, there corresponds uniquely, by means of (7), (11), (16) and (20), 
a (pi(z) = i + hiz + • • • + 6„_i3"~i + • • • holomorphic and with positive 
real part for \z\< 1. Conversely, to a given <pi{z) = ^ + biZ + • • • 
+ 5„_i3"~^ + • • • holomorphic and with positive real part for |«| < 1, 
and a given ai where |ai| < 1, there corresponds uniquely a <p{z) = ^ 
+ aiz + • • • + a„z" + • • • holomorphic and of positive real part for 
|«| < 1. It will be necessary for the following to establish the general 
form of the relation between the coefficients a and b. From (19) and (20) 
we find 

./.N ^ (1 + ai)<pi{z) - Kl - Qi) 
^^^^ (1 + a^)v^{z) + i{l - a^) 

_ Oi + (1 + ai)biz + • • • + (1 + aQ&n-iZ"-^ + • • • 
1 + (1 + ai)biz + . . . + (1 + ai)bn-iz--' + ■•• 

= Oi + giz + g-if + • • • + fir„_i2"-i + • • • , 
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where 

gi = {1 — Oiai)6i, 

g^ = (1 — aidi)b, + Gy{ai, di, bi, 62, • • •, b^i), 

for »< = 2, 3, • • •, n — 1, where G, is a polynomial. From (9) and (11) 
it is seen that 

"^'^ 2 1 - zg{z) 

_ 1 1 + oiz + giz^ + • • • + gn-iz" + • • • 
2 1 - aiz - giz^ - ... - gr„_i0« - . . . 
= § + ai? + 022'' + • • • + anZ" + • • •, 

where a^ = gi + oiS a, = g^i + H,{a\, gi, gi, • • •, ^,-2) for v = 3, 4, 
• • -, n, Hy being a polynomial. Substituting the expressions of the g's in 
terms of the b's, we find 

(21) 02 = (1 — Oiai)fei + Ol^ 

a, = (1 — aiai)6^i + A,(ai, ai, &i, b2, • • •, 6^2) 

for i* = 3, 4, • • • , n, where A, is a polynomial. In a similar manner, we 

obtain from 

^/^N _ 1 y(g) - i ,„ (,\ _ 1 1 - ai + (1 - d\)g{z) 

^^^^ - ~z <p{z) + h ' ^"^^ - 2 1 + ai - (1 + d^)g{z) 

the formulas 

bi = = (02 — fli''), 

(22) j' 

b, = 7^j r-ri, -S'Coi, fli, 02, 03, • • •, a,+i) 

(1 — Oiai) 

for ^ = 2, 3, • • •, n — 1, where By is a polynomial. 

We may now summarize the preceding results in the statement that 
the one-to-one correspondence between the points Oi, at, • • • , a„ for 
which 1 ai 1 5^ 1 and the points Ui, bi, 62, • • • , bn-i defined by (21) and (22) 
is such that when Oi, a^, • • •, a„ belongs to K„, then bi, 62, • • •, &n-i belongs 
to K„-i and vice versa. Moreover (21) shows that the a's are bounded 
when this is the case with the b's (in the exceptional case 1 Ci | = 1 it 
follows from (14) that I02I = 1, • • •, |a„| = 1) so that Kn is bounded 
when K„-i is bounded, and since this is evidently the case with Ki defined 
by (13), we have the result that 

The point set X„ is bounded for every n. 

From the continuity of the polynomials contained in (21) and (22) it is 
seen that if ai^, 02^, • • •, «„;, and ai^, 61^, •••, 6„_i, ^ correspond for 
M = 1, 2, • • • (oi^ 7^ 1), and if 

lim ai^ = Ci (|ai| 7^ 1), lim 02^ = 02, • • •, lim a„^ = a„, 

ft — »-00 

lim bi^ = 61, • • •, lim bn-i.p. = fcn-i, 
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then the points Oi, a^, • • •, a„ and Oi, 61, 62, • • •, fen-i also correspond. 
Assume that a subset of Oi^, • • • , a„^ consists of points belonging to K„, 
and another subset of points not belonging to Kn, then the two correspond- 
ing subsets of 61^, bi^, • • •, 6„_i, ^ will and will not belong to Kn-i re- 
spectively. Hence there corresponds to the boundary point Oi, 02, • • • , a„ 
of Kn (where |ai| < 1) the boundary point &i, 62, • • •, fen-i of Kn-i and 
vice versa. Therefore interior points of Kn and interior points of K„-i 
also correspond. 

We have shown before (see (13)) that all boundary points of Ki 
belong to Ki; assuming the same to be true of Kn-\, it is also true of Kn. 
For to a boundary point of Kn for which | ai | < 1 there corresponds a 
boundary point of Kn-i having an associated function (p\{z). From this 
(P].{z) we form the corresponding (p{z) by means of (20), (19), (11) and (9), 
and this <p{z) is associated with the boundary point of Kn from which we 
started; this boundary point consequently belongs to Kn- Now let 
|ai| = 1 and make Oi = e"*'*, then <f>{z) is uniquely determined by (14), 
and it follows that ai = e~"*, 02 = e~^"*, • • • , o„ = e~""* is the only point 
belonging to Kn for which Oi = e~"*. This point Oi, 02, • • •, a„ is moreover 
a boundary point, since in its neighborhood there are points where | Oi 1 > 1 
and which therefore do not belong to Kn. 

Hence Kn is a perfect point set. 

3. Determination of the boundary of K„ and the corresponding 
functions <p{z). It will now be shown that any point aj, a^, • • •, o„ on 
the boundary of Kn determines uniquely the associated <p{z) which is of 
the form 

(23) ^(.) = §Xig^^ + ix^gi4i + • • • + ^"^rzi^^ 

where the a's are all different from each other and 

(24) OSa, <27r, X, > 0, 2]X, = 1 (z' = 1, 2, • • •, A; and 1 S A; ^ n) 

and consequently, expanding both members of (23) in powers of z, that 
O), 02, • • •, a„ admit a unique parametric representation 

(25) a, = Xic-"'* 4- X2e-'"«« +•••-!- \ye-"-' (v = 1, 2, • • •, n). 

Conversely, given any a's and X's satisfying (24), the point ai, 02, • • •, a„ 
defined by (25) lies on the boundary of Kn (and the associated function 
is (23)). Since, by the definition of Kn, the point Oi, 02, • • •, am, where 
m < n, belongs to K^ when ai, a^, • • •, a„ belongs to Kn, the significance 
of the number k is clearly that ai, ai, • • •, Om is interior to Km ior m < k 
but on the boundary of Km for A; ^ to ^ n. 

AH these statements have been proved for Ki; now we assume them 
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to hold for K„-i and prove them for Kn as follows. Let <p(z) be associated 
with the point Oi, 02, • • •, a„ on the boundary of Kn where |ai | < 1 (when 
|oi| = 1 our theorem is already proved by (14)); then the <pi(z) derived 
from <p(z) in the manner explained in the preceding paragraph corresponds 
to a point fei, 62, • • •, &«-i on the boundary of Kn-i and by hypothesis we 
therefore have 

(26) <pi{z) = §Mi -eTTT"^ + ^M2 ^,i _l + • • • + ^ixk-i ^„., _ I > 

where all the jS's are different and 

^ ^, < 2t, m, > 0, Em, = 1, 

(v = 1,2, •••,k - 1 and l^k-l^n-1), 

moreover, this <pi{z) is uniquely determined by 61, 62, • • •, bn-i, that is, 
according to (22), by ai, 02, • • •, a„. From (26), (20), (19), (11) and (9) 
it follows that <p{z) is a rational function of degree not exceeding k, and is 
uniquely determined by ai, 02, • • •, a„. 



Let <pi{z) be the conjugate of <pi{z) 


, so that 
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<Pi(z) = - 
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(19), 


(11) and (9) succ 
Mz) = - 

9(z) = - 
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m = - 

<p(z) = - 
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* The connection of all these equations with Schwarz' principle of reflexion is obvious. 



7») 



~r^. + P(^ - e"*) 
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This last equation shows that to a pole z of <p(z) inside the unit circle 
there corresponds a pole 1/z outside the circle and vice versa, but, by 
hypothesis, <p(z) is holomorphic for \z\< 1, and consequently all its poles 
lie on the unit circle. Let e"* be one of these poles; in its neighborhood 
we have the expansion 

where X ?^ and P contains positive powers only. Now make 

z = e-'Cl - pe«), 

then \z\^ = 1 - 2p cos 9 + p2 so that \z\< 1 ior - ^ + € ^ 6 ^ ^ - t 

and < p < 2 sin e, where e is as small as we please. Writing X = |X |e''*, 
S 7 < 27r, the preceding expansion gives 

and since 9?^(z) > for \z\< 1, it is necessary that cos (7 — md) S for 
— -^+€ = ^=75— €, that is, letting « approach zero, 

cos (7 — mB) SO for — ^^^^^- 

When Q varies in this interval of length ir, and to S 2, then 7 — mS varies 
over more than tt, so that cos (7 — mB) < for some value of 6 in the 
interval. Hence to = 1, and y — 6 varies over an interval of length x, 
which must coincide with the interval where the cosine is positive, that 

is, the interval from — - to -, and consequently 7 = 0. Hence X is 

positive, the pole e"* is simple, and since <p(z) is of degree ^ k, the number 

¥ of a's cannot exceed k, and consequently (p{z) — Y) §X, ■—-, has no 

1 e ' — z 

poles and therefore equals a constant c. Now, by hypothesis, <p{Qi) = \, 

whence s^C*) = — 5 by (28); hence 2^§X, + c = §, — X^^^i- + c = — i> 

so that c = 0, 2X„ = 1, and 

It remains to show that k' = k. From the preceding expression for <p{z), 
we form g{z); using 2ZXi = 1, we find 



f^j e-' + z \ f X. 

_ 1 <p{z) -h _i r_V'"'-z ) _ re"'* -z 



e"'* - z 
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SO that the degree of g{z) does not exceed k' — 1, and by (19) and (20), 
the degree A; — 1 of <pi(z) does not exceed ¥ — 1, or k ^ k'. Since it 
was shown before that k' ^ k, it follows that k' = k, and the first part 
of our theorem is proved. 

To prove the second part, viz., that any a's and X's satisfying (24) and 
substituted in (25) yield a point Oi, a2, • • • , o„ on the boundary of K„, 

we note that since the real part of „^ is positive for |2| < 1, the 

function (23), formed with any a's and X's satisfying (24), fulfills all the 
conditions imposed on <p{z). Hence the corresponding Oi, 02, •••, a„, 
given by (25), belongs to X„, and all that remains to be shown is that 
this point lies on the boundary of if „. We observe first that by (24) and 
(25) |ai| < 1 unless A; = 1 and |ai| = 1, which case has been dealt with 
previously. From (23) and (24), (28) follows, and forming <pi{z) by means 
of (23), (9), (11), (19) and (20), it is seen that (27) is a consequence of 
(28). From (27), we conclude that to a pole z of <pi{z) inside the unit 
circle there corresponds a pole l/l outside the circle and vice versa, but 
<Pi(z) being holomorphic for |2| < 1, all its poles therefore lie on the unit 
circle. The real part of (pi{z) being positive for \z\< 1, we conclude, by 
the reasoning previously applied to <f>(z), that all the poles are simple, 
that their number dbes not exceed k — 1 (since the degree of g{z) does not 
exceed k — 1), and that we have the expansion 

where A;' ^ A;, c is a constant and all n, > 0. From the way <pi(z) is 
obtained from <p{z) defined by (23), it follows that ^i(O) = 5, ^1(00 ) 
= — ^, so that c = 0, 2^Mr = 1. Hence <pi{z) is of the form (26), and 
since our theorem is assumed to be proved for K„-i, the point 61, 62, 

• • • , bn-i to which <pi(z) is associated, lies on the boundary of Kn-i. From 
the correspondence between K„ and Kn-i, it now follows that Oi, 02, 

• • • , a„_i lies on the boundary of K„. 

4. Alternative proof of the results of the preceding paragraph. The 
proof now to be presented is as simple as the preceding one and has the 
advantage of showing in addition that the poles e"!*, • • •, e""* of <p(z) on 

one hand, and the poles e^'*, •••,e''*-'* of ^1(2) together with e*»* = t-j-— 

on the other, separate each other on the unit circle (except in a limiting 
case, where e"** and e^** coincide). Eliminating the intermediate func- 
tions from (9), (11), (19) and (20), we find 
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1 1 - ai — (1 - ai)z , 1 + ai + (1 + ai)z , . 
(29) <p{z) = 1 2 1 + oi - (1 + ai)2 "^ 1 + ai - (1 + a^)z *''^ '' 



2 1 1 - ai + (1 — ai)z , , s 

2 1 + a, _ (1 + a,)z + ^^^^^ 

To prove the first part of our theorem, assume (p{z) to be associated with 
a point Oi, 02, • • • , o„ on the boundary of Kn where | Oi | < 1 ; it follows 
that <pi{z) has the form (26), and consequently that (27) holds. Writing 

^'^(^)=2 1 + a.-(l+aj. + ^-^^^' 



it is seen from (27) that 

^)=*(i): 



and consequently ^(z) is real when \z\= 1. Making 2 = e^^"^*, where 
6 is sufficiently small, we now evidently have the following expansions 

^(2) =M,-^+P(9) 
when e*'* does not coincide with e^** = :; — ; — ' : 

1 + Oi 

when v = fc and e"** does not coincide with any other e^"*; 

when ^'* (v < k) coincides with e***. The coefficient of 1/6 being positive 
in all three cases, it follows that, e^^\ • • • , e''»-i*, e"** being arranged in 
order on the unit circle, the interval between two consecutive ones contains 
an odd number of zeros of ^(z). Since the degree of ^(z) is A; — 1 or fc, 
according as e^*' does or does not coincide with another e^'* where v < k, 
it follows that each of these intervals, the number of which is k — 1 or k, 
contains exactly one simple zero of ^(a), and that this fimction has no 
other zeros. By (29), the poles of <p{z) are the k zeros of }p(z) when e^** 
does not coincide with any other e"'*, but when this is the case, then e"** 
is a simple pole of (p(z), the other poles being the k — 1 zeros of ^(2). 
Consequently 

,-i e — 2 

where e"^*, ••-, e"** separate and are separated by e"'*, •••, e^*-'*, e***, 
except when e^'* coincides with another e^'\ in which case one e"'*, say 
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e"**, coincides with e^** and the k — 1 other e""' separate and are separated 

k 

by e^'*, • • • , e^*-i*. The proof that 2^ X, = 1 and c = is the same as in 

the preceding paragraph, and we may either use the method given there to 

show that all X, are positive, or we may use (p{z) = — <p I -\ to show 

that all X's are real, and then make z = pe""* and let p approach unity to 
conclude that X, > 0. 

To prove the second part of our theorem, we assume <p{z) to be of 
the form (23) with given a's and X's satisfying (24). Then evidently 
(28) is true. Compute- the corresponding <pi{z); we find from (29) 

1 1 — oi — (1 — ai)z _ 1 — ai + (1 — ai)z , s 

rqm . M - 1 21 + ai- (1 +ai)z 1 + ai - (1 + ai)g ^^''^ 
2 i i + a, + (r+^ 

'^''' 21 + ai- (l+ai)2 

Writing 

^^.(^) = ^(^)-^ ?t^^^l!t°t ' 
2 1 + ai — (1 + ai)z 

it follows from (28) that ^1(2) is real for \z\= 1. The degree of 1,^1(2) is 

A; or A; + 1 according as e^** = ~[" "^ does or does not coincide with any 

of the e"'*, and it is evident at once that ^i(z) = f or « = and z = », 
so that there remain A; — 2 or A; — 1 zeros respectively to be located. 
Making z = e ("-+*)', we have the expansions 

Uz) = K-\ + P{e) 

when e""* does not coincide with e***, 

Uz) = -ii-K)-l+P{e) 

when e"'* coincides with e^**, and for z = e^^*"*"*'* 

^1(2) = -l+P{e) 

when e*** does not coincide with any e""*. Hence arranging e"'*, • • • , e"** 
and e^»* in order on the unit circle, obtaining A; or A; + 1 intervals according 
as there is coincidence or not, it follows that the two intervals adjacent to 
e**' contain an even number of zeros of ^(2), the remaining A; — 2 or A; — 1 
intervals an odd number. But there were exactly A; — 2 or A; — 1 zeros 
to be located, and it follows that they are all simple and situated one in 
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each of the intervals not adjacent to e***. Now reasoning on the poles 
of (30) as before on those of (29), we find that <pi{z) has the form 

<Piiz) = Z^M> .t , + c 
y=i e^" — z 

with the separation of the e"-* and the e"'* found previously; from (30) 

it IS seen at once that ^i(O) = i, <pi{<») = - i, hence 2^ m» = 1, c = 0. 

We prove as for <p(z) that all fi's are positive, and hence (pi(z) has the form 
(26), being therefore associated with a point 6i, • • •, 6„_i on the boundary 
of Kn-i, and it finally follows that a^, a^, • • •, a„ is on the boundary of i?„. 

5. Proof that Kn is a convex solid, and parametric representation of its 
interior points. Let ^1(3) and <fii{z) be two functions associated with the 
points a/, at', • • •, a„' and Ci", ai", ■••, a„" both belonging to K„. The 
function <piz) = (1 - t)<pi(z) + t<p2(z) where k i S 1 evidently is 
holomorphic and of positive real part for |«| < 1, and <p(0) = ^. Con- 
sequently, <p(z) is associated with the point Oi, a^, • • • , o„, where a, 
= (1 — t)a/ + ta,", so that this point also belongs to Kn. Therefore 
Kn is a convex point set, and being perfect, boimded, and containing a 2n- 
dimensional neighborhood of the origin as interior points, Kn is a convex 
2n-dimensional solid according to Minkowski's definition. 

It is readily seen that when Oi, a^, • • •, a„ belongs to Kn, then ta^, ta^, 
• • • , ton is an interior point for ^ i < 1. In fact, there exists a neighbor- 
hood e of the origin such that all its points belong to Kn', to any point 
a\'i a-i, • • •, a„' such that \aj — to,| < e(l — t) for »/ = 1, 2, • • •, n we 
adjoin another a/', a-i', • • •, a„" by the equations a,' = (1 — t)aj' + to,. 
It follows that (1 — t) I a," I = |a/ — to,| < 6(1 — t) or |a/'| < «, so that 
a/', 02", • • • , o„" belongs to Kn, and consequently a-i, a^', • • • , o„' also 
belongs to Kn, since it lies on the segment joining ai", aj", • • • , a„" and 
fli, ai, • •-, On. Thus the neighborhood (1 — 0« of ^«i) toj, • • •, to„. belongs 
to Kn, and toi, to2, • • •, to„ is therefore an interior point. 

This result may also be expressed as follows: when Oi, aj, • • •, o„ is a 
point interior to K„ but distinct from the origin, then there exists one and 

only one t, where < t < 1, such that the point y > ^ ; • • •, ^ is on the 

boundary of Kn. By (25) and (24), this boundary point has the unique 
parametric representation 

^ = Xi'e— * + Xa'e—^' + •■■ + X/e—*' (^ = 1, 2, • • •, n) 

with ^ a, < 27r, all a's different, X/ > 0, ZX/ = 1 (i' = 1, 2, • • •, A;) 
and 1 ^ A; ^ n. Writing f\,' = K, it is seen that the interior point 
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cti, ai, • • •, a„ has the unique parametric representation 

(250 a. = >^ie-"'* + ^^e-'"'' + • • • + Xte""** (./ = 1, 2, • • •, n) 

with the a's all different and 

(240 a^a,< 2t, \, > 0, Y>, < 1 

{v = I, 2, ■ • • , k and 1 ^ fc ^ n). 

Making all X's equal to zero, this result holds also for the origin. To 
prove that conversely the point defined by (250, from given a's and X's 
satisfying (240, is interior to K^, we remark that 

(230 <P{Z) = iXo + §Xi^^^ + *^^S^^ + • • • + *^*?^z' 

where X© = 1 — Xi — X2 — • • • — X* > 0, is evidently a ^function 
associated with the point ai, 02, • • • , On defined by (250 which therefore 
belongs to X„. The point is an interior one, since if it were on the bound- 
ary, (23) would give (p{z) uniquely and in the form 

which cannot coincide with (230 unless m = k, a,' = a„ X,' = X, and 
consequently Xo = contrary to (240- It should be noted that (230 
is not the only <f>{z) associated with the interior point Ci, 02, • • •, o„. 

6. The characterization of Kr, by algebraic inequalities involving 
fl], 02, • • • , a„ and their conjugates.' These inequalities are already stated 
in (5) and (6), the D's being defined by (4) and Do = 1. For n = 1, 
these inequalities reduce to Di > in the interior and Di = on the 
boundary of Ki, and since (4) gives Di(ai) = 1 — OiOi = 1 — |oi|^, the 
desired result is obtained immediately by comparison with (13). From 
what has been said before regarding the correspondence between Kn and 
iC„_i, it is obvious that the inequalities (5) and (6) follow in the general 
case by complete induction from the identity 

(31) I>m(ai, tti, ■ ■ ■, a„) = (1 - aiai)'"D„_i(6i, 62, • • •, 6„_i), 

m = 1, 2, • • •, n, 

which we shall now proceed to prove. We begin by showing that when 
Oi, 02, • • •, On is on the boundary of K„, then Z)m(oi, 02, • • •, an^ = for 
m ^ k, where A; is the integer occiU"ring in the parametric representation 
(25). In fact, by (25) and (24), the element in the pth column and gth 
row of the determinant (4) is seen at once" to be 



E Xef« 



i— p)ai.« 
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and expanding the determinant in powers of the X's, we find 

1. "2. •••. 'm + 1 = 1. 2, ..•, t 

Since there are only k < m + 1 different a's, any one of the determinants 
to the right contains the same a, in two columns, say the pth and rth, 
and the latter column is obtained from the former by multiplication by 
e(.p-'-)'"p*^ so that the determinant vanishes, and consequently 

(32) Dm{ai, Oi, •• -, ttm) =0 for k ^ m ^n 

when ai, a^, • ■ •, an is on the boundary of Kn- 

Next, we observe that (31) is obtained at once by direct calculation 
of the determinant (4) for to = 1 and to = 2, using the expression (21) 
for Ui in the latter case. 

Now assume the inequalities (5) and (6) proved for Ki, K^, • • • , K„-i, 
and that the identity (31) holds for to = 1, 2, ■•-, n — 1. Assume 
|ai| < 1 and that 6i, 62, • • •, &„_i satisfies Dn-i(bi, 62, • • •, 6„_i) = and 
the further conditions 

(33) Diibi) > 0, 2)2(61, &2) > 0, • • •, D„_2(6i, 62, • • •, bn-2) > 0. 

Then 61, bi, • • •, 6„_i is on the boundary of Kn-\ (but 61, 62, • • •, bn-2 
interior to Kn-2) and consequently, calculating aj, • • •, o„ from (21), the 
point ai, 02, • • •, a„ is on the boundary of Kn, so that Z)„(ai, 02, • • •, a„) 
= by (32). In other words, taking arbitrary fixed values of bi, 62, 

• • •, bn-2 satisfying (33) and a variable &„_i, and calculating Oi, 02, • • •, o„ 
by (21), then Z)„(ai, 02, • • •, a„) becomes a polynomial in the two variables 
bn-i and 5„_i, which vanishes whenever the polynomial in the same two 
variables D„_i(6i, 62, •••, 6n-i) vanishes. Consequently the former 
polynomial is divisible by the latter: 

/■g^-v Dn{0,i, Co, • • •, a„) 

= ^(ai, oi, bi, bi, • •-, bn-u 6„_i)Z)„_i(6i, 62, • • •, 6„_i) 

where ^ is a polynomial in 6„_i and 5„_i. By (4), D„ is Unear in each 
of the two variables o„ and a„, the coefficient of Undn being — Z)„_2(ai, 02, 

• • •, an-2), hence using (21), we see that Z)„ is linear in each of the variables 
bn-i and 5„_i, the coefficient of 6„_i5„_i being — (1 — aiai)''Z)„_2(ai, 02, 
•••,a„_2). The coefficient of &„_i6„_i in D„_i(6i, 62, • • •, 6„_i) being 
— Dn-z{b\,b2, ■••,bn-i), it follows from (34) that \}/ cannot contain 
bn-\ or bn-i, and comparing coefficients of 6„_i6„_i on both sides, it is 
seen that 

(1 — aiai)2D„_2(ai, 02, • • •, an-2) = ^-Dn-zibi, &2, • • •, bn-z). 
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By hypothesis, (31) is proved for m = n — 2, so that 

■Dn-2(oi, di, • • -, ttn-i) = (1 — aiai)"~^D„_3(6i, hi, • • •, &„_s); 

introducing this in the preceding equation and dividing by JD„_3 which 
does not vanish by (33), we find ^ = (1 — "OiOi)" and (31) is proved for 
m = n (being an algebraic identity, it evidently also holds when the 
conditions (33) are not satisfied). The induction proof of the inequalities 
(5) and (6) is now complete. 

New York City, 
August 10, 1921. 



